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A horizontal axis wind turbine blade in steady rotation endures
cyclic transverse loading due to wind shear, tower shadowing and
gravity, and a cyclic gravitational axial loading at the same
fundamental frequency. These direct and parametric excitations
motivate the consideration of a forced Mathieu equation. This
equation with cubic nonlinearity is analyzed for resonances by
using the method of multiple scales. Superharmonic and subhar-
monic resonances occur. The effect of various parameters on the
response of the system is demonstrated using the amplitude-
frequency curve. The order-two superharmonic resonance persists
for the linear system. While the order-two subharmonic response
level is dependent on the ratio of parametric excitation and damp-
ing, nonlinearity is essential for the order-two subharmonic reso-
nance. Order-three resonances are present in the system as well
and, to first order, they are similar to those of the Duffing equa-
tion. [DOI: 10.1115/1.4006183]
1 Introduction
The blades of a horizontal axis wind turbine rotate through the
field of gravity and undergo aerodynamic loads. Under steady
operation and wind conditions, in which the blade rotates at a con-
stant rate X, a blade takes on cyclic transverse loading due to both
gravity and aerodynamic forces with the effects of wind shear and
tower passing. The blade also endures gravitational axial com-
pression (softening) when pointing up, and axial tension (stiffen-
ing) when pointing down. Considering these effects on a single-
degree-of-freedom description of transverse deflection motivates
us to study a forced Mathieu equation of the form
€qþ l _qþ ðx2 þ c cos XtÞqþ aq3 ¼ F sin Xt (1)
where x plays the role of the undamped natural frequency based
on the mean stiffness-to-mass ratio, c is the magnitude of the
parametric excitation corresponding to the cyclic variation in stiff-
ness, F is the magnitude of direct cyclic forcing due to transverse
gravitational and aerodynamic loading, X is the fundamental fre-
quency of the cyclic loadings, based on the rotation rate of the
rotor, and l represents the linear viscous damping. Parameter a is
the coefficient of cubic nonlinearity expected due to large defor-
mation effects, and  is a small bookkeeping parameter. The
expression for the full ordinary differential equation (ODE) that
models the in-plane vibration of a wind turbine blade and the
associated parameters are given in [1].
There have been extensive studies on systems with parametric
excitation that fit in into a minor variation of the Mathieu equation.
Rhoads and Shaw [2] have studied MEMS structures with paramet-
ric amplification, in which direct excitation occurs at half the fre-
quency of excitation as the parametric excitation. Parametric
amplification was also demonstrated in experiments [3]. Other
work has examined nonlinear variations of the Mathieu equation,
which have included van der Pol, Rayleigh, and Duffing nonlinear
terms. Rand et al. [4–7] analyzed the dynamics and bifurcations of
a forced Mathieu equation and properties of superharmonic 2:1 and
4:1 resonances. Belhaq [8] studied quasi-periodicity in systems
with parametric and external excitation. Veerman [9] analyzed the
dynamic response of the van der Pol–Mathieu equation. Arrow-
smith [10] and Marathe [11] studied the stability regions for the
Mathieu equation. Reference [12] is an extensive compilation of the
various fields of study in which the characteristics of the Mathieu
equation are found and employed.
In studying Eq. (1), we omit the effects of other terms specific
to the rotating beam model, as our attention is drawn to this more
fundamental equation in dynamical systems. Indeed, full partial
differential equations of the rotating beam can be developed
and modally reduced. This development is also underway for
transverse deflections and higher dimensional deflections. The
in-plane transverse deflections give rise to a single assumed-mode
ODE with elements of Eq. (1), plus a few added terms [1]. Numer-
ous other studies have also been done on developing differential
equations of motion that represent blade motion. These tradition-
ally include work on helicopter blades [13–16], more recent litera-
ture on wind turbine blades with aerodynamic loadings, and also
accommodating gravity and pitching effects [17–22]. Inoue et al.
[23,24] have studied the vibrational analysis of wind turbine out-
of-plane blade motion.
2 Resonances of the Forced Nonlinear Mathieu
Equation
We seek approximate solutions to Eq. (1) by using the method
of multiple scales (MMS) [25,26]. The analysis reveals the exis-
tence of various subharmonic and superharmonic resonances. We
unfold these resonance cases and identify the critical ones for
wind turbines during normal operation.
When the forcing in Eq. (1) is of order , the analysis will indi-
cate a primary resonance. However, this resonance is the same as
in the Duffing equation, and is not treated here. The forcing in the
above expression is of order one—also known as hard forcing.
This will help us unfold the secondary resonances. Using MMS,
we incorporate fast and slow time scales (T0, T1) also in addition
to variations in amplitude. This allows for a dominant solution q0
and a variation of that solution q1, such that
q ¼ q0ðT0; T1Þ þ q1ðT0; T1Þ
where Ti ¼ iT0. Then d=dt ¼ D0 þ D1 and Di ¼ @=@Ti.
We substitute this formulation into Eq. (1) and then simplify
and extract the coefficients of 0 and 1. The expression for the
coefficient of 0 is
D20q0 þ x2q0 ¼ F sin XT0:
The solution for this is
q0 ¼ AeixT0  iKeiXT0 þ c:c: (2)
where K ¼ F

2ðx2  X2Þ , and A ¼ 1=2ð Þaeib.
The expression for the coefficient of 1 is
D20q1 þ x2q1 ¼ lD0q0  2D0D1q0  cq0 cos XT0  aq30 (3)
Substituting the solution for q0 from Eq. (2), we expand the terms
on the right hand side. We need to eliminate secular terms that
make the solutions q1 unbounded. The solvability condition is
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thus set by equating the coefficients of the eixT0 terms in the
expanded equation to zero.
2.1 Nonresonant Case. If there is no specific relationship
between X and the natural frequency x of the system, then
an analysis of the solvability condition leads to the conclusion
that a! 0 at the steady-state solution. Hence, there is no effect of
the nonlinear terms in the nonresonant case.
2.2 Superharmonic Resonances
2.2.1 2X  x. If 2X  x, then the a cos Xt term and the
nonlinearity in Eq. (3) contribute to the secular terms. We detune
the frequency of excitation such that 2X¼xþ r. In this case,
the solvability condition can be written as




exp irT1 ¼ 0 (4)
Letting A ¼ 1
2
aeib and / ¼ rT1  b, the real and imaginary parts,
respectively, of Eq. (7) lead to











cos / ¼ 0
At the steady-state, a0 ¼ /0 ¼ 0 and the relationship between the





























Hence, we can conclude the following:
• the peak value is independent of a.
• as a; K, and c=l increase, jrpj increases; and as x
increases, jrpj decreases.
• the sign of a determines the sign of rp.
Vertical tangencies in the curve of Eq. (5) can be shown to
coincide with stability transitions, such that the unstable branch
lies between the vertical tangencies.
A sample response of Eq. (1) is numerically simulated. The
response curve shown in Fig. 1 has the primary resonance and two
superharmonics shown at 1/3 and 1/2 of the natural frequency.
Superharmonic responses at these orders are also noticed for a
linear system (see Fig. 2). The peak at 1/2 agrees with our calcula-
tion of the peak amplitude (see Eq. (6)). When the nonlinearity
a¼ 0, the c term still shows up in the solvability condition (4),
and this superharmonic resonance peak persists.
Wind turbine blades are generally designed such that the natu-
ral frequency of the rotating blade in lead-lag (in-plane) motion is
below the rotational frequency. This analysis implies the potential
existence of superharmonic resonances, which would also provide
additional critical frequencies where the response of the blade
could be large. Such responses would increase loading on the
gearbox and other components and increase bending on the
blades. The superharmonic resonance has also been observed in
simulations and experiments on out-of-plane motion [23,24]. The
sign of the nonlinear term also has a significant effect on the
response of the system. Based on the expression for a given in
Ref. [1], the value can be negative for certain wind turbine blades,
which would lead to a softening type of behavior (the resonance
curve bends to the left). This would be consistent with the slightly
lower frequencies associated with large oscillations of the blades.
2.2.2 3X  x. If 3X  x, the cubic nonlinearity contributes
to the secular terms. We detune the frequency of excitation such
that 3X¼xþ r.
The solvability condition will have additional terms that have
3XT0 as an exponential argument in Eq. (3), and it takes the form
 2A0ix lAix a 3A2 Aþ 6K2A
 
 iaK3eirT1 ¼ 0 (7)
Following the analysis done in the previous section for the 2X
superharmonic resonance, we substitute a polar form for A and
separate the equation into real and imaginary parts. Using
/ ¼ rT1  b we arrive at a homogenous set of equations




 aK3 sin / ¼ 0
a0xþ lax
2
þ aK3 cos / ¼ 0
in amplitude a and phase /.
Fig. 1 Amplitudes of simulated responses of Eq. (1) showing
superharmonic resonances at orders 1/2 and 1/3, with e ¼ 0:1;
l ¼ 0:5; a ¼ 3; F ¼ 0:05; c ¼ 3. The frequency ratio sweeps up.
Fig. 2 Amplitudes of simulated responses of the linear case
of Eq. (1) showing superharmonic resonances at orders 1/2 and
1/3, with e ¼ 0:1; l ¼ 0:5; a ¼ 0; F ¼ 0:5; c ¼ 3
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These expressions are the same as the ones we would obtain in
the synthesis of a standard Duffing equation with hard excitation













This is a quadratic expression in the detuning parameter r. Solv-




























Therefore, the peak amplitude and frequency of this resonance are
affected by the nonlinearity via a and by the amplitude of excita-
tion via X. The parametric excitation term does not contribute to
this resonance at first order. The value of the peak amplitude at
this resonance is directly proportional to a (from Eq. (9)). How-
ever, numerical simulations for a linear version of our system
show the persistence of this superharmonic peak (see Fig. 2).
Higher order perturbation analysis (not shown here) reveals the
existence of this resonant condition in the absence of nonlinearity.
2.3 Subharmonic Resonances
2.3.1 X  2x. If X ¼ 2xþ er, then the terms with
i(Xx)T0 as the exponent add to the secular terms. The linear
parametric excitation term and the nonlinearity contribute to this
resonance. The solvability condition with these added terms is





exp irT1 ¼ 0 (10)
We substitute the exponential form for A, separate the real and
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For this equation, we have the trivial solution a¼ 0, and another



















These are similar in form to the standard Duffing subharmonic
(presented in Sec. 2.3.2), but the dependence on the parameters
differs. The nontrivial solutions for a are real only when p1> 0








These are two distinct conditions on the parameters of our prob-
lem. The parametric excitation term must be sufficiently large, or
the damping sufficiently small. Additionally, the product of the
coefficients of the nonlinear cubic term and K2 must be suffi-
ciently small or detuning must be sufficiently large. However, the
presence of the cubic nonlinearity is essential for this subharmonic
to occur.
2.3.2 X  3x. If X  3x the cubic nonlinearity contributes
to the secular terms. We detune the frequency of excitation such
that X¼ 3xþ r. Then XT0¼ (3xþ r)T0¼ 3xT0þ rT1.
The solvability condition takes the form
 2A0ix lAix a 3A2 Aþ 6K2A
 
þ 3ia A2KeirT1 ¼ 0 (14)
which is the same as that of the standard Duffing equation.
We substitute the exponential form for A, separate the real and
imaginary parts, and let /¼ rT1 3b to transform this into an
autonomous system. Seeking the steady state, we let /0 ¼ a0 ¼ 0.
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defines the boundary of the region in the Kr plane where nontri-
vial solutions can exist.
3 Discussion
We have shown the details of a first-order analysis of super-
and subharmonic resonances for the system of interest.
At first order, the superharmonic resonance of order 1/3 is the
same phenomenon as in the Duffing equation. The nonlinear
parameter, a scales the peak response, while both the nonlinear
parameter and the direct excitation level affect the frequency
value of the peak response. The superharmonic response of order
1/2 involves the interaction between the parametric excitation and
both the nonlinear parameter and the direct excitation. In fact, if
the nonlinearity is not present, i.e., if a¼ 0, this resonance per-
sists. As such, a linear system excited both parametrically and
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directly at the same frequency can exhibit a superharmonic reso-
nance. This complements the linear primary resonance phenom-
ena and linear subharmonic resonances exploited in parametric
amplification [2,3].
There also exists a primary resonance which is the same at first
order as that of the Duffing equation. The parametric excitation,
when at the same frequency as the direct excitation, does not
affect the primary resonance amplitude at first order.
Subharmonic resonances at orders two and three exist in the
first-order approximation. Order-two subharmonics involve inter-
actions with the parametric excitation term, while order-three sub-
harmonic resonance is the same as that of the Duffing equation to
first order. The subharmonic resonance may not be critical to
wind turbines, which motivated the study, since they operate
below the natural frequency of the rotating blade.
The variation in system responses for changes in some parame-
ters have been observed in simulations. The behavior is summar-
ized next.
1. The effect of the parametric forcing term: The system
resonances increase with increased parametric forcing
(Fig. 3). This amplification occurs at resonances, but not
between them. Beyond a certain value of c the system goes
unstable at the primary resonance. When approaching this
instability, the primary resonance abruptly increases, which
is not captured in the first order analysis. Ongoing work
aims at unfolding this with a higher-order perturbation
analysis.
2. The effect of the direct forcing term: As expected, an
increase in the direct forcing term F increases the overall
magnitude of the response evenly over the entire spectrum
(Fig. 4).
3. The effect of the damping term: An increase in the damping
decreases the overall magnitude of the response over the
entire spectrum, particularly at resonances. The superhar-
monic and primary resonance peaks scale as 1/l.
4. The effect of nonlinearity: An increase in nonlinearity (a)
causes the response curve to bend over more significantly.
This bending can induce jump instabilities as the frequency
slowly varies. Also, in the presence of a strong enough non-
linearity, the response amplitude of the superharmonic of
order two is of a similar order of magnitude as the primary
resonance, as seen in Fig. 5.
4 Conclusion
We have studied the forced Mathieu equation, in which the
direct and parametric excitations occur at the same frequency, out
of phase by 90 deg, and which includes a cubic nonlinearity.
Perturbation analysis of Eq. (1) revealed the presence of multiple
super- and subharmonic resonances. The superharmonic resonance
of order 1/2 persists for the linear Mathieu equation with direct
forcing.
This brief note has focused on resonances and not stability. The
Mathieu equation is well known to have instabilities in the space
of stiffness and parametric excitation parameters. We have
observed instabilities at the primary resonance in the simulations.
A higher-order analysis is underway to describe the stability tran-
sitions, along with the higher-order effects on resonances.
The presence of superharmonic resonances may be significant
for wind turbines, which are designed to operate below the lowest
natural frequency. Further study is also underway to obtain a
more complete picture for the interpretation of wind turbine blade
dynamics. This ongoing work includes the development of the
nonlinear in-plane partial differential equation, and its assumed-
mode projection, along with an out-of-plane model, with high
fidelity aerodynamic loading conditions. These models will have
additional nonlinear terms, and may have restrictions on the use
of the small parameter.
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Fig. 3 Amplitudes of simulated responses of Eq. (1) showing the
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a ¼ 0; F ¼ 0:5. Different curves depict c¼0.5, 1, and 3.
Fig. 4 Amplitudes of simulated responses of Eq. (1) showing
the effect of the direct forcing amplitude, with e ¼ 0:1; l ¼ 0:5;
a ¼ 0; c ¼ 3. Different curves depict F¼0.5, 1, and 2.
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